
The Human Side of Science: 

I’ll Take That Bet!  

Balancing Risk and Benefit 

 

20th Century Decision Theory: 

Structures for Making Risky Decisions 

 



Elements of a Decision-Making Problem 

- Decision maker trying to accomplish objective(s) 
 

- Alternative courses of action (acts or strategies) 

  … Costs 
 

- Events which affect achievement of objective(s) 

  … Outside decision-maker’s control 

  … Mutually exclusive and complete set of outcomes 
 

- Uncertainties: probabilities associated with each event 

  … Subjectively assigned by decision-maker 

  … Measured by sampling or historical analysis 
  

- Payoffs for each strategy and event 



          A Simple Example 

Buying an Extended Warranty 



Percentage of Products Needing Repair 

  Within Three Years of Initial Purchase 



Extended Warranty Purchase  

          Decision Tree 

Buy warranty 

Don’t buy 

warranty 

Product breaks 

(P = see table) 

Product  

doesn’t break 

(P = 1 - table) 

Product breaks 

(P= see table) 

Product 

doesn’t break 

(P = 1 – table) 

Repair 

(P = ?) 

Replace 

(P = 1 - ?) 

Cost = Average 

repair charge 

Cost = Average 

new product cost 

Cost = warranty cost 

Cost = warranty 

cost 

Cost = 0 



  Laptop PC Extended Warranty 

          Purchase Decision 

- Original purchase price:  $1,250 

 

- Repair rate (1st 3 years):  33% 

 

- Average repair cost:         $350 

 

- Extended warranty cost:  $140 



 Laptop PC Extended Warranty Purchase  

                        Decision Tree 

Buy warranty 

Cost = -$140 

Don’t buy 

warranty 

Cost = 0 

Product breaks 

(P = 33%) 

Product  

doesn’t break 

(P = 67%) 

Product breaks 

(P= 33%) 

Product 

doesn’t break 

(P = 67%) 

Repair 

(P = 95%) 

Replace 

(P = 5%) 

Cost = - $350 

Cost = - $1250 

Cost = - $140 

Cost = - $140 

Cost = 0 



 Laptop PC Extended Warranty Purchase 

                        Payoff Table 
Strategies 

Events 

Product 

Breaks 

(33%) 

Product 

Doesn’t 

Break 

(67%) 

Buy Warranty Don’t Buy Warranty 

- $140 0 

- $140 
95%(-$350) + 

5%(-$1250) = 

     -$395 



   An Illustrative Problem 

Long-Term Care Insurance 



   An Illustrative Problem 

Long-Term Care Insurance 
- Fred is considering whether to buy long-term care insurance 
 

- Cost of insurance = $1500/year – if he buys now 
 

- Cost of long term care = $80,000/year1 

   … Insurance covers 80% 
 

- Fred estimates the following probabilities: 

  … Die without needing long term care: 40% 

  … Need care for average 2 years2 before dying: 60%3  
 

- Fred is 55 years old 

  … He estimates he will live to be 804 
 

(1)  Source: http://www.payingforseniorcare.com/longtermcare/statistics.html (11/30/2010): 

       actual  U.S. average is $76,680 

(2)  Source: http://www.payingforseniorcare.com/longtermcare/statistics.html (11/30/2010): 

       actual U.S. average is 904 days 

(3) Source: http://www.pueblo.gsa.gov/cic_text/health/ltc/guide.htm (11/30/2010) 

(4) Source: http://www.ssa.gov/OACT/STATS/table4c6.html (11/30/2010) 

http://www.payingforseniorcare.com/longtermcare/statistics.html
http://www.payingforseniorcare.com/longtermcare/statistics.html
http://www.pueblo.gsa.gov/cic_text/health/ltc/guide.htm
http://www.ssa.gov/OACT/STATS/table4c6.html


Simplifying Assumptions 

- Ignore (for now!) 

 

  … Time value of money 

 

  … Sensitivity to changes in estimates 



Long-Term Care Decision Tree 

Buy insurance: 

- Cost = 23(-1,500) 

   = -34,500 

Don’t buy insurance: 

- Cost = 0 

Die without needing  

long term care 

(P=40%)  Cost = 2(-1,500) 

                        = 3,000 

Need care 

for average 2 years 

before dying 

(P=60%)  Cost = 160,000 

                 Benefit = 160,000(.8) 

Payoff : -34,500 – 3,000  

             = -37,500 

Payoff: -34,500 –160,000 + 

            (160,000)(.8) = -66,500 

Payoff: 0 – 0 = 0 

Payoff: 0 – 160,000 = -160,000 

Die without needing  

long term care 

(P=40%)  Cost = 0 

Need care 

for average 2 years 

before dying 

(P=60%)  Cost = 160,000 



Long-Term Care Payoff Table 

Buy Insurance Don’t Buy Insurance 

Die without  

needing  

long term care 

(P=40%) 

Need long term 

care for average  

2 years before  

dying 

(P=60%) 

Events 

Strategies 

-37,500 

-66,500 

0 

-160,000 



Choice Criteria 

- Maximize expected payoff 

 

- Maximize expected utility 

 

- Others 
 

   … Maximin 
 

   … Minimax regret 
 

   … Minimize expected opportunity cost 



The Expected Payoff Value Criterion 

- Choose the strategy which maximizes the expected 

  value of the payoff 

  … If the payoffs are negative, i.e., are costs, this is  

       the lowest cost strategy 
 

- Expected value = Sum of (payoffs x their probabilities)  

  for each strategy = average value for each strategy 
 

- Known since 17th century 

  … Originated by Pascal  

  … Based on Port Royal Abbey’s 

       La logique, ou l’art de penser 

Blaise Pascal 

(1623-1662) 



Fear of harm ought to be proportional not 

merely to the gravity of the harm, but also  

to the probability of the event. 
 

-- La logique, ou l’art de penser, Port-Royal Abbey 

   (probably authored by Pascal and Antoine Arnauld), 1662  



Pascal’s Wager Payoff Table 

Strategies 

Act as if God exists       Act as if God does not exist 

 God 

exists 

   (P) 

God 

does 

not 

exist 

(1-P) 

Eternal 

reward 

Pious life  

only 

Earthly 

Reward only 

Eternal  

punishment 

Events 

Average 
(P)(Eternal reward) +  

(1-P)(Pious life only) 

(P)(Eternal punishment) +  

(1-P)(Earthly reward only) 



Strategies 

Act as if God exists       Act as if God does not exist 

 God 

exists 

   (P) 

God 

does 

not 

exist 

(1-P) 

Eternal 

reward 

(INFINITELY 

POSITIVE) 

Pious life  

only 

Earthly 

Reward only 

Eternal  

punishment 

(INFINITELY 

NEGATIVE) 

Events 

Average 
(P)(Eternal reward) +  

(1-P)(Pious life only) 

(P)(Eternal punishment) +  

(1-P)(Earthly reward only) 

- Since the payoffs when God exists are infinite, it doesn’t matter how small P is! 

Maximize Expected Payoff  

Value criterion 

Pascal’s Wager Payoff Table 



Long-Term Care Payoff Table 

Buy Insurance Don’t Buy Insurance 

Average 
(.4)(-37,500) + 

(.6)(-66,500) = 

-54,900 

Die without  

needing  

long term care 

(P=40%) 

Need long term 

care for average  

2 years before  

dying 

(P=60%) 

Events 

Strategies 

-37,500 

-66,500 

0 

-160,000 

(.4)(0) + 

(.6)(-160,000) = 

-96,000 

Maximize Expected Payoff  

Value criterion 



The Expected Payoff Value Criterion 

- Issue 
 

  … Takes no account of risk aversion  
 

  … Works OK if amount at risk is small 
 

  … People don’t make decisions this way if amount at 

       risk is large in relation to total wealth 

 



Risk Aversion and Utility 

- Daniel Bernoulli (1738): first to point out issue with 

  maximizing expected value of payoff (St. Petersburg Game  

  paradox) 

  … Defined utility as perceived value of payoff to the 

       individual 
 

- Modern utility theory originated by John von Neumann and 

  Oskar Morgenstern in Theory of Games and Economic 

  Behavior (1944)  

John von 

Neumann 

(1903-1957) 

Oskar 

Morgenstern 

(1902-1977) 

http://www.google.com/imgres?imgurl=http://www.atomicarchive.com/Images/bio/B03.jpg&imgrefurl=http://www.atomicarchive.com/Bios/vonNeumannPhoto.shtml&usg=__SgBxZZ_CvReQKLiaIdnCGP-mLrM=&h=410&w=360&sz=30&hl=en&start=1&zoom=1&itbs=1&tbnid=z__h9wWlZY1PIM:&tbnh=125&tbnw=110&prev=/images?q=John+von+Neumann&hl=en&safe=off&gbv=2&tbs=isch:1


Risk Aversion and Utility 
Utility 

Payoff 
$200 $1500 $5000 

Buy a bike (utility = 1) 

Buy a nicer bike (utility = 2) 

Buy a used car (utility = 3) 

Risk-averse 

utility function 

with diminishing 

marginal utility 

- Risk-averse utility functions flatten out the more money is 

  involved because of diminishing marginal utility  

  … Each additional dollar of payoff provides less utility than  

       the dollar before it 

 
 



Utility Theory Axioms (“>” = “is preferred to”) 

- Completeness:  Either A > B, B > A or A = B 
 

- Transitivity:  If A > B and B > C, then A > C 
 

- Independence: If A > B, then a weighted average of  

  A and C > a weighted average of B and C 
 

- Continuity:  If A > B > C, it should always be possible to  

   find a probability P that makes the individual indifferent  

   between gambling and not gambling in the following  

   situation –  

B 

P% 

1-P% 

A 

C 

Gamble 

Don’t  

gamble 



Risk Aversion and Utility Theory Axioms 

- Von Neumann and Morgenstern: decision makers 

  who follow the axioms and who are risk averse will try to 

  maximize expected utility 

 

- Unfortunately real people don’t always follow the axioms 



Daniel Ellsberg (1931-) 

Daniel Ellsberg 

- American military analyst famous for releasing Pentagon  

  papers in 1971 
 

- Mother wanted him to be a concert 

  pianist; gave up piano in 1946 when 

  father fell asleep at wheel of car, 

  driving into ditch and killing mother 

  and sister 
 

- 1962 Harvard PhD dissertation  

   included the Ellsberg paradox, a  

   proof that decision makers do not  

   always maximize expected utility 

http://www.postersguide.com/buyposters.php?id=3787550&TID1=1


 

- Israeli psychologist and economist, Nobel Prize, 2002 
 

- Expert in behavioral economics 
 

- With Amos Tversky and their  

  graduate student Richard Thaler,  

  developed prospect theory,  

  which proposes that people do not  

  actually maximize expected 

  utility when making decisions,  

  but rather tend to adjust their 

  risk-aversion to reference points  

  from which gains and losses 

  will occur 

Daniel Kahneman (1934-) 

Daniel Kahneman 

http://en.wikipedia.org/wiki/File:Daniel_KAHNEMAN.jpg


 Reference Point Sensitivity      

(Richard Thaler’s Experiment) 

- Option 1:  (Everyone just won $30) 

   … No coin flip: Walk away with the $30 

   … Flip heads: win $9 more 

   … Flip tails: lose $9 

   … 70% chose the coin flip 

- Option 2:  (Everyone starts at $0) 

  … No coin flip:  Get $30 for sure 

  … Flip heads: win $39 instead of $30 

  … Flip tails: win $21 instead of $30 

  … 43% chose the coin flip 

- Participants based their choice on the reference point 



Constructing a Utility Function 

- Commonly done in market research surveys 
 

   … Conjoint analysis – force-ranking alternatives 
 

   … Certainty equivalence analysis 

 

 



Constructing a Utility Function 

Certainty Equivalence Analysis 
- Ask what gamble would be equal to getting some amount 

  with certainty 
 

- Example:  Ask Fred what probability P would make him  

  indifferent to gambling or not gambling in the following 

  situation: 

Payoff: $0 

P 

1-P 

Payoff:  $600 

Payoff: -$400 

Gamble 

Don’t  

gamble 

(certainty equivalent) 







Utility 

Money 
-400 $0 $600 

Risk-averse 

utility function 

with diminishing 

marginal utility 

- Choice 1: $0 with probability 100%  
 

- Choice 2:  Gamble – P% chance of $600 or (100-P)% chance of -$400 
 

- Suppose Fred says P = 70% makes him indifferent between the choices 

Gamble 

function 

Fred’s Utility Function 



Utility 

Money 
-400 $600 

Risk-averse 

utility function 

with diminishing 

marginal utility 

- Assign getting -$400 a utility of 0 

- Assign getting $600 a utility of 100 

- Then Fred’s indifference assignment of P = 70% means: 

    

Gamble 

function 

 

0 

100 

Fred’s Utility Function 

$0 



Utility 

Money 
-400 $0 $600 

Risk-averse 

utility function 

with diminishing 

marginal utility 

- Assign getting -$400 a utility of 0 

- Assign getting $600 a utility of 100 

- Then Fred’s indifference assignment of P = 70% means: 

   … $0 (the certainty equivalent) has a utility of 70     

Gamble 

function 

 

0 

70 

100 

Fred’s Utility Function 



Utility 

Money 
-400 $0 $600 

Risk-averse 

utility function 

with diminishing 

marginal utility 

- Assign getting -$400 a utility of 0 

- Assign getting $600 a utility of 100 

- Then Fred’s indifference assignment of P = 70% means: 

   … $0 (the certainty equivalent) has a utility of 70    

   … The gamble 70%($600) vs. 30%(-$400) (expected value = $300) 

        also has a utility of 70 

Gamble 

function 

 

0 

70 

100 

$300 

Fred’s Utility Function 



Utility 

Money 
-400 $0 $600 

Risk-averse 

utility function 

with diminishing 

marginal utility 

- Assign getting -$400 a utility of 0 

- Assign getting $600 a utility of 100 

- Then Fred’s indifference assignment of P = 70% means: 

   … $0 (the certainty equivalent) has a utility of 70    

   … The gamble 70%($600) vs. 30%(-$400) (expected value = $300) 

        also has a utility of 70 

   … The expected value difference of $300 is the risk premium 

Gamble 

function 

 

0 

70 

100 

$300 

Fred’s Utility Function 

Risk premium 



Fred’s Utility Function –  

    1st Approximation 
 

Utility(Money) = 70 + .125(Money) – .000125(Money)2 

Money 

U
ti

li
ty

 

(-400, 0) 

(0, 70) 

(600, 100) 



  Long-Term Care Insurance Decision 

              Fred’s Utility Function 
- Suppose that for amounts of money between -$200,000  

  and +$200,000, Fred has the following utility function: 
 

           Utility(Money) = Money – .000002(Money)2  
U

ti
li

ty
 

Money 



The Expected Payoff Utility Criterion 

- Choose the strategy which maximizes the expected utility 

  of the payoff 

 

- Recalculate the payoff table in terms of utility 

 

- Then proceed as with expected payoff value criterion  



Long-Term Care Payoff Utility Table 

Buy Insurance Don’t Buy Insurance 

Average 
(.40)(-40,313)+ 

(.60)(-75,345) = 

-61,332 

Die without  

needing  

long term care 

(P=40%) 

Need long term 

care for average  

2 years before  

dying 

(P=60%) 

Events 

Strategies 

-37,500 – 

.000002(-37,500)2 = 

-40,313 

-66,500 –  

.000002(-66,500)2 =  

-75,345 

0 

-160,000 –  

.000002(-160,000)2 = 

-211,200 

(.40)(0) + 

(.60)(-211,200) = 

-126,720 

Expected Payoff Utility 

criterion 



Information in Risky Decisions 

- Why do we want information when making risky decisions? 

   

- How do we reflect the information in the decision model? 

 

- How do we deal with the cost of the information? 

 

- Abraham Wald was the first to analyze these questions  

  from 1939-1950 



Abraham Wald (1902-1950) 

Abraham Wald 

- Jewish mathematician and economist; worked under Oskar 

  Morgenstern at the University of Vienna until 1938, then  

  fled to the US to escape Nazis and worked at Columbia 
 

- Home schooled until university because  

  he could not attend school on Saturdays 

  for religious reasons 
 

- Considered the founder of decision  

  theory 
 

http://en.wikipedia.org/wiki/File:Abraham_Wald_in_his_youth.jpg


The Value of Information 

- Suppose there were a medical test Fred could take now  

  that would tell him with 100% accuracy whether he will 

  need long-term care in the future 
 

  … How much would this information be worth to Fred? 

 

-This is the expected value of perfect information 
 

  … Calculate “average” payoff with perfect information 
 

  … Subtract expected payoff under uncertainty 
 

  … Difference is expected value of perfect information 



The Value of Information 

- How to calculate “average” payoff with perfect information? 
 

  … Assume best possible strategy chosen for each event 

      (according to the perfect information) 
 

  … Multiply payoff of strategy by probability of event  
 

  … Sum all probability-adjusted strategies together 



Long-Term Care Payoff Table 

Buy Insurance Don’t Buy Insurance 

Average 
(.4)(-37,500) + 

(.6)(-66,500) = 

-54,900 

Die without  

needing  

long term care 

(P=40%) 

Need long term 

care for average  

2 years before  

dying 

(P=60%) 

Events 

Strategies 

-37,500 

-66,500 

0 

-160,000 

(.4)(0) + 

(.6)(-160,000) = 

-96,000 

Best strategy 

for this event 

Best strategy 

for this event 

Expected Payoff criterion 



 Long-Term Care Insurance Decision 

Expected Value of Perfect Information 

- “Average” payoff with perfect information: 

  (.4)(0) + (.6)(-66,500) = -39,900 

 

- Expected payoff with uncertainty: -54,900 (best decision 

  under maximize expected payoff criterion) 

 

- Expected value of perfect information = (-39,900) – (-54,900) 

   = 15,000 

  



Dealing with Imperfect Information 
 

- Use Bayes’ Theorem to update probabilities based 

   on information that is less than 100% certain 
 

- Must consider the following probabilities: 
 

          Actual Condition 
       What the  

Information Says 

     “Yes” 

   Yes 

     “No” 

    No 

Probability of accurate 

positive information 

(“Sensitivity”) 

Probability of  

“false positive” 

Probability of  

“false negative” 

Probability of accurate 

negative information 

(“Specificity”) 



Disease 

+ 

Disease 

- 

Total  

Test 

+ 

25 2 27 

Test 

- 

5 68 73 

Total  30 70 100 

Sensitivity and Specificity 

- Suppose a new medical test is given to 100 people 



25/30 = 

83% 

sensitivity 

68/70 = 

97% 

specificity 

Disease 

+ 

Disease 

- 

Total  

Test 

+ 

25 2 27 

Test 

- 

5 68 73 

Total  30 70 100 

Sensitivity and Specificity 

- Suppose a new medical test is given to 100 people 



Bayes’ Theorem 

- Assume 2 mutually exclusive “Actual Conditions” x1, x2 

  that could “cause” observed information y 

  ... x1 represents “positive”, x2 “negative”, y a test result 
 

- Suppose we have initial estimates (prior probabilities)  

  P(x1), P(x2) of the probabilities of the “causes”  
  

- And we know the conditional probabilities P(y|x1), P(y|x2)  

  of y given each “cause” 
 

- Then the updated (posterior) probability of the first “Actual 

  Condition” being the one actually “causing” y is: 
 

        P(x1|y)  =  P(x1)P(y|x1)    =               P(x1)P(y|x1)  
 

                           P(y)               P(x1)P(y|x1) + P(x2)P(y|x2) 
 



- Suppose Fred takes medical tests that may give him a better 

  idea of whether he will need long term care or not  
 

  … Test specificity: 90%  (probability of true negative result) 
 

  … Test sensitivity: 75%  (probability of true positive result) 
 

- The tests indicate Fred will not need long term care (negative 

   result) 
 

- Should Fred change his decision and not buy insurance? 

 

Dealing with Imperfect Information 



 Long-Term Care Insurance Decision 

Updating Probabilities with Imperfect 

                      Information 
- Let: 

  … y  = “test battery indicates long term care will not be needed” 

             (negative result) 

  … x1 = “die without needing long term care” 

  … x2 = “need long term care for average 2 years before dying” 

 

- Then: 

  … P(x1)    = .40 (prior probability – Fred’s original estimate) 

  … P(x2)    = .60 (prior probability – Fred’s original estimate) 

  … P(y|x1) = .90 (probability that tests give a true negative result) 

  … P(y|x2) = 1.00 - .75 = .25 (probability that tests give a false  

                                                negative result) 



 Long-Term Care Insurance Decision 

             Updating Probabilities 

Event 

   (xi) 

Die without  

needing  

long term care 

        (x1) 

     Prior  

Probability 

      P(xi) 

Need long  

term care for  

average 2 

years before  

dying 

         (x2) 

Conditional 

Probability 

    P(y|xi) 

     Joint  

Probability 

P(xi)P(y|xi) 

    Posterior 

  Probability 

      P(xi|y) =  

P(xi)P(y|xi)/P(y) 

.40 

.60 

.90 

.25 

Totals 1.00 

.36 

.15 

.51= P(y) 

.36 / .51 = 

    .71 

.15 / .51 = 

     .29 

1.00 

(Fred’s estimates) 

(Specificity = True  

 negative result  

 probability) 

(1 – Sensitivity =  

False negative 

result probability) 

(Negative test  

result probabilities) 

(Prob. of neg. test 

result given event) 

(Prob. of dying  

without needing 

long term care given 

negative test result) 

(Prob. of needing 

long term care 

before dying given 

negative test result) 

(Prob. of neg. test 

result given that  

care not needed) 

(Prob. of neg. test 

result given that 

care needed) 



Revised Long-Term Care Payoff Table 

Buy Insurance Don’t Buy Insurance 

Average 
(.71)(-37,500) + 

(.29)(-66,500) = 

-45,910 

Die without  

needing  

long term care 

(P=71%) 
(formerly 40%) 

Need long term 

care for average  

2 years before  

dying 

(P=29%) 
(formerly 60%) 

Events 

Strategies 

-37,500 

-66,500 

0 

-160,000 

(.71)(0) + 

(.29)(-160,000) = 

-46,400 

Expected Payoff criterion 

Too close to call! 



Revised Long-Term Care Payoff Utility Table 

Buy Insurance Don’t Buy Insurance 

Average 
(.71)(-40,313) + 

(.29)(-75,345) = 

-50,472 

Die without  

needing  

long term care 

(P=71%) 
(formerly 40%) 

Need long term 

care for average  

2 years before  

dying 

(P=29%) 
(formerly 60%) 

Events 

Strategies 

-37,500 – 

.000002(-37,500)2 = 

-40,313 

-66,500 –  

.000002(-66,500)2 =  

-75,345 

0 

-160,000 –  

.000002(-160,000)2 = 

-211,200 

(.71)(0) + 

(.29)(-211,200) = 

-61,248 

Expected Payoff Utility 

criterion 



Dealing with Imperfect Information 

- How good would the information have to be to swing Fred’s  

  decision? 
 

- What if the probabilities associated with the test battery  

   were as follows: 
 

  …  Test specificity: 90%  
 

  …  Test sensitivity: 80% 



  Long-Term Care Insurance Decision 

               Updating Probabilities 

Event 

   (xi) 

Die without  

needing  

long term care 

        (x1) 

     Prior  

Probability 

      P(xi) 

Need long  

term care for  

average 2 

years before  

dying 

         (x2) 

Conditional 

Probability 

    P(y|xi) 

     Joint  

Probability 

P(xi)P(y|xi) 

    Posterior 

  Probability 

      P(xi|y) =  

P(xi)P(y|xi)/P(y) 

.40 

.60 

.90 

.20 

Totals 1.00 

.36 

.12 

.48= P(y) 

.36 / .48 = 

    .75 

.12 / .48 = 

     .25 

1.00 



Revised Long-Term Care Payoff Table 

Buy Insurance Don’t Buy Insurance 

Average 
(.75)(-37,500) + 

(.25)(-66,500) = 

-44,750 

Die without  

needing  

long term care 

(P=75%) 
(formerly 71%) 

Need long term 

care for average  

2 years before  

dying 

(P=25%) 
(formerly 29%) 

Events 

Strategies 

-37,500 

-66,500 

0 

-160,000 

(.75)(0) + 

(.25)(-160,000) = 

-40,000 

Expected Payoff value 

criterion 



Revised Long-Term Care Payoff Utility Table 

Buy Insurance Don’t Buy Insurance 

Average 
(.75)(-40,313) + 

(.25)(-75,345) = 

-49,071 

Die without  

needing  

long term care 

(P=75%) 
(formerly 71%) 

Need long term 

care for average  

2 years before  

dying 

(P=25%) 
(formerly 29%) 

Events 

Strategies 

-37,500 – 

.000002(-37,500)2 = 

-40,313 

-66,500 –  

.000002(-66,500)2 =  

-75,345 

0 

-160,000 –  

.000002(-160,000)2 = 

-211,200 

(.75)(0) + 

(.25)(-211,200) = 

-52,800 

Expected Payoff Utility 

criterion 



Dealing with Imperfect Information 

- How good would the information have to be to swing Fred’s  

  decision based on expected utility? 
 

- What if the probabilities associated with the test battery  

   were as follows: 
 

  …  Test specificity: 90%  
 

  …  Test sensitivity: 85% 



  Long-Term Care Insurance Decision 

              Updating Probabilities 

Event 

   (xi) 

Die without  

needing  

long term care 

        (x1) 

     Prior  

Probability 

      P(xi) 

Need long  

term care for  

average 2 

years before  

dying 

         (x2) 

Conditional 

Probability 

    P(y|xi) 

     Joint  

Probability 

P(xi)P(y|xi) 

    Posterior 

  Probability 

      P(xi|y) =  

P(xi)P(y|xi)/P(y) 

.40 

.60 

.90 

.15 

Totals 1.00 

.36 

.09 

.45= P(y) 

.36 / .45 = 

    .80 

.09 / .45 = 

     .20 

1.00 



Revised Long-Term Care Payoff Utility Table 

Buy Insurance Don’t Buy Insurance 

Average 
(.80)(-40,313) + 

(.20)(-75,345) = 

-47,319 

Die without  

needing  

long term care 

(P=80%) 
(formerly 75%) 

Need long term 

care for average  

2 years before  

dying 

(P=20%) 
(formerly 25%) 

Events 

Strategies 

-37,500 – 

.000002(-37,500)2 = 

-40,313 

-66,500 –  

.000002(-66,500)2 =  

-75,345 

0 

-160,000 –  

.000002(-160,000)2 = 

-211,200 

(.80)(0) + 

(.20)(-211,200) = 

-42,240 

Expected Payoff Utility 

criterion 



 How Fred’s Decision is Affected by the Quality of  

        Information (Probability of False Negative) 

E
x

p
e

c
te

d
 P

a
y
o

ff
 U

ti
li

ty
 

  Payoff Utility of Buying Insurance            Payoff Utility of Not Buying Insurance 



Sensitivity to Changes in Estimates 

- Use Monte Carlo simulation to study effects of changes  

  in estimates for key assumptions 

 

- Basic idea: Assume estimated value drawn from random 

  distribution 
 

  … Repeatedly generate alternate values from distribution 
 

  … Re-calculate decision model for each alternate value 
 

  … Review probability distribution of results 



Stanislaw Ulam (1909-1984) 

Stanislaw Ulam 

- American mathematician of Polish-Jewish origin 
 

- Worked on the Manhattan project 
 

- Originated the design of the first H-bomb 
 

- Made fundamental contributions to 

  number theory, set theory and algebraic 

  topology 
 

- With John von Neumann and Nicholas 

  Metropolis, developed Monte Carlo 

  simulation techniques at Los Alamos  

  during the Manhattan Project to help 

  solve difficult mathematical problems 

  involved in the theory of nuclear 

  chain reactions 



Monte Carlo Simulation 

- Example:  Fred (age 55) estimated he would live until 80 

  … Suppose his life expectancy is normally distributed  

       with mean = 80 and standard deviation = 5 

 

m = 80 

68.26% 

s = 5 s = 5 

AGE 

75 85 

80 



Long-Term Care Decision Tree 

Buy insurance: 

- Cost = (AGE-55-2)(-1,500) 

Don’t buy insurance: 

- Cost = 0 

Die without needing  

long term care 

(P=30%)  Cost: 2(-1500) 

Need long term 

care for average  

2 years before dying 

(P=70%) 

Payoff : (AGE-55)(-1,500) 

Payoff: (AGE-55-2)(-1,500)  

            –160,000 + 

            (160,000)(.8) 

Payoff: 0 – 0 = 0 

Payoff: 0 – 160,000 = -160,000 

Die without needing  

long term care 

(P=30%) 

Need long term 

care for average  

2 years before dying 

(P=70%) 



Long-Term Care Payoff Monte Carlo Model 

Buy Insurance Don’t Buy Insurance 

Average 
(.4)[(AGE-55)(-1,500)] + 

(.6)[(AGE-55-2)(-1,500)  

            –160,000 + 

            (160,000)(.8)] 

Die without  

needing  

long term care 

(P=40%) 

Need long term 

care for average  

2 years before  

dying 

(P=60%) 

Events 

Strategies 

(AGE-55)(-1,500) 0 

-160,000 

(.4)(0) + 

(.6)(-160,000) = 

-96,000 

(AGE-55-2)(-1,500)  

            –160,000 + 

            (160,000)(.8) 



                                 Monte Carlo Analysis 

      Expected Payoff of Buying Long Term Care Insurance 

          Sensitivity to Age at Death (Mean = 80, Sdev = 5) 

Expected payoff of not buying insurance = -96,000 



Monte Carlo Simulation 

- Example:  Fred estimated he would spend 2 years in care 

  … Suppose the time he needs care is normally distributed  

       with mean = 30 months and standard deviation = 6 months 

 

m = 30 

68.26% 

s = 6 s = 6 
MONTHS 

24 36 

30 



Long-Term Care Decision Tree 

Buy insurance: 

- Cost = 23(-1,500) 

   = -34,500 

Don’t buy insurance: 

- Cost = 0 

Die without needing  

long term care 

(P=40%)  Cost = 2(-1,500) 

                        = 3,000 

Need care 

for average n months 

before dying 

(P=60%)  Cost = 80,000(n/12) 

                 Benefit = 80,000(n/12)(.8) 

Payoff : -34,500 – 3,000  

             = -37,500 

Payoff: -34,500 – 80,000(n/12) + 

            80,000(n/12)(.8) 

Payoff: 0 – 0 = 0 

Payoff: 0 – 80,000(n/12)  

Die without needing  

long term care 

(P=40%) 

Need care 

for average n months 

before dying 

(P=60%)  Cost = 80,000(n/12) 



                                 Monte Carlo Analysis 

      Expected Payoff of Buying Long Term Care Insurance 

Sensitivity to Number of Months in Care (Mean = 30, Sdev = 6) 



                                 Monte Carlo Analysis 

      Expected Payoff of Buying Long Term Care Insurance 

Sensitivity to Number of Months in Care (Mean = 30, Sdev = 6) 



                                 Monte Carlo Analysis 

    Expected Payoff of Not Buying Long Term Care Insurance 

Sensitivity to Number of Months in Care (Mean = 30, Sdev = 6) 



                                 Monte Carlo Analysis 

    Expected Payoff of Not Buying Long Term Care Insurance 

Sensitivity to Number of Months in Care (Mean = 30, Sdev = 6) 



Summary 

- Risky decision structure:  Decision tree, payoff table 
 

- Decision criteria:  Maximize expected payoff, maximize 

   expected utility 
 

- Determine utility function 
 

- Use perfect and imperfect information to update decision 

  model 
 

- Use Monte Carlo analysis to test sensitivity of decision  

  model to major assumptions 
 

- Can we apply these methods to decisions in real life? 

  … Example:  Prostate cancer treatment  



Prostate Cancer Treatment Decision Tree 

Watchful 

Waiting 

Survive > 5 years  

(P = ) 

Treat 

the Cancer 

Die from prostate  

cancer (P = ) 

Die from another 

cause first (P = ) 

(See next page) 

Utility = 0 

Utility = 0 

Utility = f(Age of patient, 

Health of patient, 

Gleason score, patient’s 

pain, costs of monitoring) 



Prostatectomy 

External-beam  

radiation 

Implant 

Experimental 

procedures 

Prostate Cancer Treatment Decision Tree 
                                   (continued) 

Treat the  

cancer 

Survive > 5 years  

(P = ) 
Die from prostate  

cancer (P = ) 

Survive > 5 years  

(P = ) 

Die from prostate  

cancer (P = ) 

Survive > 5 years  

(P = ) 

Die from prostate  

cancer (P = ) 

Survive > 5 years  

(P = ) 

Die from prostate  

cancer (P = ) 

Utility = f(various risks, 

             procedure cost) 

Utility = 0 

Utility = 0 

Utility = 0 

Utility = 0 

Utility = f(various risks, 

             procedure cost) 

Utility = f(various risks, 

             procedure cost) 

Utility = f(various risks, 

             procedure cost) 



Prostate Cancer Treatment Decision 

 Treatment Survival Utility Function 

- Survival Utility = f (infection risk, bladder damage risk, 

                              sexual function damage risk, 

                              anesthesia risk, cost of procedure) 

 

- Typically physicians give risks as percentage probabilities 

   and verbal descriptions of damage 

 

- How to determine relative weight of each risk? 

  … One way: Risk aversion analysis 



Don’t  

treat 

(certainty  

equivalent) 

Payoff:   

Untreated cancer = Y (Doctor & patient 

                                assign) 

P 

1-P 

Payoff:  No bladder 

damage = 100 

Payoff: Bladder 

damage = X  

(Doctor & patient 

assign) 

Treat 

Prostate Cancer Treatment Decision 

            Risk Aversion Analysis 

-  Certainty equivalence analysis based on “quality of life index” 




