
Dangerous Knowledge: 

Gödel's Early Life and Work 



Mathematics may be defined as the subject  

in which we never know what we are talking 

about, nor whether what we are saying is true. 

 
-- Bertrand Russell 

 



Brno (Brunn) 

- Gödel's birthplace, 1906 
 

- 2nd largest city in Czech Republic – historical Moravian capital 
 

- Catholic majority, substantial Sudeten German Lutheran 

  minority 



Gödel's Birthplace 

- 5 Backergasse (Pekarska), Brno 



Rudolf Jr. and Kurt Gödel c. 1908 



The Gödel Family c. 1910  

- Marianne (nee Handschuh), Kurt,  

    Rudolf Sr., Rudolf Jr. 



At about the age of eight my brother had a severe 

joint-rheumatism with high fever and thereafter 

he was somewhat hypochondriacal and fancied 

himself to have a heart problem, a claim that  

was, however, never established medically. 

 
-- Rudolf Gödel 



Friedrich Redlich Textile Company 

Friedrich Redlich, 1911 



Gödel's Boyhood Home 

- 8a Spilberggasse (Pellikova), Brno 

- Built 1911-1913 



            Kaiserliche-Konigliche  

             Staatsrealgymnasium 

mit Deutscher Unterrichtsprache, Brno 

- Located on Strassengasse (Hybesova) near Redlich Textile  

  factory 



Gödel as a Gymnasium Student c. 1922 



Gabelsberger Shorthand 



University of Vienna 



Adele Thusnelda Porkert 

- Daughter of a photographer, 

  Josef Porkert 
 

- Married to Alfred  

  Nimbursky when she met  

  Gödel in 1927 
 

- Claimed to be a ballet dancer 
 

- 6+ years older than Gödel 
 

- Gödel's family opposed the 

   relationship 



Hans Hahn (1879-1934) 
 

- Set theory 

Gödel's Professors 

Philipp Furtwangler (1869-1940) 
 

- Number theory  



Number Theory 

- The study of the integers and their properties 

 

- Studied since the dawn of arithmetic in ancient times 

 

- Prime numbers, perfect numbers, etc. 

 

- Equations with integer solutions (Diophantine  

  equations) 



Famous Diophantine Equations 

- x2 + y2 = z2   (Pythagorean Theorem) 

  … Infinite number of integer solutions for x, y, z 

 

- xn + yn = zn   (Fermat’s Last Theorem) 
   … No integer solutions for x, y, z when n > 2!  
 

 

 - p + q = 2n: Every even integer 2n > 2 is the sum of  

   two prime numbers p, q   (Goldbach’s Conjecture) 

   … Never proven or disproven! 
 



Set Theory 

- Originated by Georg Cantor in 1874 
 

- Describes mathematical objects as collections of  

  items (sets) defined by: 

     … A rule  

         – Example: {x such that x < 5} 

     … An exhaustive list (or roster)  

         – Example: {0, 1, 2, 3, 4} 
 

- Basic relationships: 

     … A set can be a member or element () of  

         another set  

     … There is an empty set with no members (0) 

     … A set can be a subset of another set  

/ 



Power Sets 

- A set’s power set is the set of all possible subsets of that set 
 

- If a set has n members, its power set has 2n members 

{ } , , 

{{ , , , { , } , , { } , { , } , 

{ } , 0}  / 

} { } { } 



Types of Numbers 

- Natural numbers = 0, 1, 2, 3, 4, … 
 

- Integers = … , -4, -3, -2, -1, 0, 1, 2, 3, 4, … 
 

- Rational numbers = quotients of integers 

   … Examples: 1/3, 1/2, 22/7, etc. 
 

- Real numbers  

   … Decimal point followed by infinite number of digits 

   … Examples: 

               .333333333333333333 … 

               .499999999999999999 … 

             3.142857142857142857 … 

             3.141592653589793238 … 



Georg Cantor 
 

- German mathematician, founder 

  of set theory and transfinite 

  mathematics 
 

- Established the importance of 

  one-to-one correspondence 

  between sets, and defined 

  infinite sets 
 

- Proved that the real numbers are 

  more numerous than the natural 

  numbers, integers or rational   

  numbers 
 

Georg Cantor (1845-1918) 

http://upload.wikimedia.org/wikipedia/en/1/17/Georg_Cantor.jpg


The Continuum Hypothesis 

- Cantor used the Hebrew letter  to symbolize 

   the cardinality, or size, of transfinite sets 

   … 0 = size of the set of natural numbers 

   … Bigger cardinals 1, 2, …  
 

- Cantor showed that C, the size of the set of real  

  numbers, was equal to 20 , the power set of 0 
 
 

- He tried, but failed, to prove that 1 = 20 = C  

  (Cantor’s continuum hypothesis)  
 

- Hausdorff later generalized this to n+1 = 2n   

   (generalized continuum hypothesis) 



Gottlob Frege 

Friedrich Ludwig Gottlob Frege 

                (1848-1925) 

- German mathematician,  

   logician and philosopher 

 

- Made major contributions to 

  the foundations of modern 

  mathematics and logic 

 

- Largely ignored  when he first 

  published, his ideas were spread 

  by Giuseppe Peano, Bertrand  

  Russell and Rudolf Carnap 

 

- Developed the concept that mathematics could be reduced to 

  and based on logic in his 1879 Begriffsschrift (Concept-Script)  

   



Frege’s Begriffsschrift 

- A universal symbolic logic  

  for the foundations of mathematics 

  … Quantification of variables  

  … Formalization of notion of proof 
 

- Took from set theory the idea of  

  “classes” of logical objects defined  

  by “concepts” 
  

- Cumbersome notation system  

  limited acceptance, but Frege’s 

  work still had profound influence  



Giuseppe Peano (1858-1932) 

- Italian mathematician 

 

- One of the founders of set theory 

 

- Made fundamental contributions 

   to the foundations of mathematical 

   logic 

 

- Formalized the set-theoretic  

  and logical axioms of arithmetic 

  based on work of Cantor and Frege  

Giuseppe Peano 



Peano’s Axioms 

- 0 is a number 

 

- Every number has a successor 

 

- 0 is not the successor of any number 

 

- Numbers with equal successors are equal 

 

- (Induction Axiom) If a set contains 0 and also 

   contains the successor of any desired number,  

   then every number is in the set 



How Numbers Are Made From Sets 

- Start with the empty set:  0 

  

- 0 = 0 

 

- {0} = 1 (successor operation) – signified by S, i.e., S0 

 

- { {0}, {0} } = 2 = add successor to 1, i.e.,  SS0 

 

- { {{0},{0}}, {0} } = 3 = add successor to 2, i.e., SSS0 

 

- etc.  (Each number = the set of all previous numbers)  

/ 

/ 

/ 

/ / 

/ / / 



- Is the set of all numbers a valid set?  (Burali-Forti  

   paradox) 

    … If each new number is the set of all previous  

        numbers, then it is greater than the set of all  

        previous numbers   

    … But it is in the set of all numbers!   

    … Let N be the set of all numbers.  Is SN  N?   

    … If it is, then  

              SN < N  and  SN > N  

          which is a contradiction 

Paradoxes of Set Theory 



Paradoxes of Set Theory 

- Is the set of all sets a valid set? 

    … Bertrand Russell:  Who cuts the barber’s hair? 

         (What about the set of all sets that are not  

         members of themselves?) 

    …  If such a set is a member 

         of itself, then it can’t be 

         a member of itself! 

    …  If such a set is not a member 

         of itself, then it has to be a  

         member of itself! 



Dear colleague, 

 

… I find myself in agreement with you in all 

essentials … I find in your work discussions and 

distinctions [that] one seeks in vain in the works 

of other logicians.  There is just one point where 

I have encountered a difficulty … 

 
-- Bertrand Russell, letter to Gottlob Frege, 1902 



A scientist can hardly meet with anything more 

undesirable than to have the foundations give 

way just as the work is finished.  I was put in  

this position by a letter from Mr. Bertrand Russell 

when the work was nearly through the press. 
 

-- Gottlob Frege, Appendix to Grundgesetze der Arithmetik 



Ernst Zermelo (1871-1953) Adolf Abraham Halevi Fraenkel 

              (1891-1965) 

Zermelo-Fraenkel Set Theory (ZF) 

                     1904 - 1922 



The Axiom of Choice 

- First formulated by Ernst Zermelo in 1904 

 

- It is always possible to choose one element from   

  each of a collection of any number of sets of any 

  number of members – even if: 

  … The number of sets is infinite 

  … The number of members in the set(s) is infinite 

  … There is no rule for deciding which member to  

       choose 



Hans Hahn (1879-1934) 

 

Gödel's Thesis Advisor 



The Vienna Circle 

Moritz Schlick Otto Neurath Hans Hahn Rudolf Carnap Philipp Frank 

- Began in 1908 with meetings in coffeehouses organized by  

  Hahn, Frank and Neurath to discuss the nature of knowledge 
 

- Interrupted in 1912 when Frank left for Prague, resumed in  

  1922-1936 under Schlick and Carnap’s leadership 
 

- Developed philosophy of logical positivism 



I used to associate with a group of students who  

assembled every Thursday night in one of the old 

Viennese coffee houses … We returned again and 

again to our central problem: How can we avoid the 

traditional ambiguity and obscurity of philosophy? 

How can we bring about the closest possible 

rapprochement between philosophy and science? 

 
-- Philipp Frank 



He [Gödel] was a slim, unusually quiet young man … 

[In the Vienna Circle] I never heard him take the floor 

… He indicated interest solely by slight motions of 

the head – in agreement, skeptically or in disagreement 

… His expression (oral as well as written) was always 

of the greatest precision and at the same time of 

exceeding brevity.  In nonmathematical conversation 

he was very withdrawn. 
  

-- Karl Menger, 1981 



Ludwig Wittgenstein 

Ludwig Wittgenstein (1889-1951) 

- Austrian philosopher of the  

  logic of language; considered 

  one of the foremost philosophers 

  of the 20th Century 
 

- Scion of one of Austria’s  

  wealthiest families; gave away 

  his fortune, decorated for valor 

  in World War I 
 

- Began as engineering student; 

  switched to study philosophy under 

  Bertrand Russell at Cambridge 
 

- Published Tractatus Logico-Philosophicus in 1922; linked to 

  Vienna Circle through Friedrich Waismann 
 

- Moved permanently to Cambridge in 1929 



Wittgenstein’s Tractatus 

  Logico-Philosophicus   

- Picture theory of meaning 

  … Language is meaningful to the extent it pictures states of 

       affairs or matters of empirical fact 

  … Philosophy clarifies concepts and the structure of language,  

       but does not discover facts 

  … Language can’t ultimately describe how we actually map  

       from language concepts to reality 
 

- “Propositions show the logical form of reality.  They display it.” 
 

- “What can be shown, cannot be said.” 
 

- “All the propositions of logic say the same thing, to wit, nothing.” 
 

- “What we cannot speak about we must pass over in silence.” 
 



Whenever you come across a difficult word … you look it up  

… The definition of the word is given in various terms.  If you  

don’t happen to know them you look up these terms.  However, 

this procedure can’t go on indefinitely.  Finally you will arrive 

at very simple terms for which you will not find any explanation 

in the encyclopedia.  What are these terms?  … If I say that 

the lamp shade is yellow, you might ask me to describe what 

I mean by yellow – and I could not do it.  I should have to show 

you some color and say that this is yellow, but I should be  

perfectly unable to explain it to you by means of sentences or 

words … And the blind man, of course, will never be able to 

understand what the word stands for … All of our definitions 

must end by some demonstration, by some activity … it is  

impossible to define a color.  It has to be shown. 

 

-- Moritz Schlick, “The Future of Philosophy,” 1931 



Logical Positivism 

- Scientific truth must be based upon empirical tests  

  and verification 

 

- Mathematical and logical proof only expresses the  

  structure of relationships among concepts, given  

  certain axioms 

  … A logical conclusion must be empirically testable  

      in order to imply any meaning about the real world 

 

- Mathematical “truths” are human inventions based 

  on discoverable facts, rather than discoverable facts 

  in themselves 



“One of the principal tasks of the logical analysis of a  

given proposition is to find out the method of  

verification for that proposition.” 
 

-- Rudolf Carnap, Philosophy and Logical Syntax 

 
 

“I believe Science should be defined as the ‘pursuit  

of Truth’ and Philosophy as the ‘pursuit of Meaning’.”  

[emphasis original] 
 

-- Moritz Schlick, 1931 

Logical Positivism 



Plato 

(427-347 BCE) 
 

- Distinguished between the “true” 

  world (the world of “Ideas”) 

  and the world of “appearances” 

  that we actually experience 
 

- Each “Idea” (or “Form”) abstracted 

  the defining element(s) of  

  an infinite variety of instances 

  in the world of appearances  
 



Plato’s Concept of Ideas 

“Ideal” 

Chair 
(peras) 

The Real World 

The World of Appearances (infinite variety and number) 



Gödel's Platonic Rationalism 

- There is a reality and truth to ideal mathematical  

  and logical concepts 

 

- Human reason and intuition can discover these 

  concepts and clarify their meaning 

 

- Their reality transcends all empirical tests or  

  verification 
 



Despite their remoteness from sense experience, 

we do have something like a perception also of  

the objects of set theory, as is seen from the fact 

that the axioms force themselves on us as being 

true.  There is no reason why we should have less  

confidence in this kind of perception, i.e., in  

mathematical intuition, than in sense perception … 
 

-- Kurt Gödel 



It by no means follows … that [mathematical 

objects], because they cannot be associated with 

actions of certain things upon our sense organs, are 

something purely subjective … Rather they, too, 

may represent an aspect of objective reality, but, as 

opposed to the sensations, their presence in us may 

be due to another kind of relationship between 

ourselves and reality.  

 
-- Kurt Gödel 



… It is difficult to disentangle genuine [paranormal 

and psychic] phenomena from the mix of fraud,  

gullibility and stupidity … [but] the result (and the  

sense) of the fraud is … not that it simulates, but  

that it masks, the genuine phenomena. 

 
-- Kurt Gödel in a letter to his mother (emphasis original) 



David Hilbert 

David Hilbert (1862-1943) 

- Leading German mathematician 

  of late 19th and early 20th century 

 

- Trained, at Gottingen, many of  

  20th century’s foremost 

  mathematicians 

 

- In 1900, proposed 23 problems  

  that set the course of 20th century 

  mathematical research 

 

- Argued that all mathematics 

  could be derived from a complete, consistent and finite  

  system of axioms 



Take any definite unsolved problem … However  

unapproachable these problems may seem to us, 

and however helpless we stand before them, we 

have, nevertheless, the firm conviction that their 

solution must follow by a finite number of purely 

logical processes … This conviction of the  

solvability of every mathematical problem is a  

powerful incentive to the worker.  We hear within 

us the perpetual call:  There is the problem.  Seek 

its solution.  You can find it by pure reason, for  

in mathematics there is no Ignoramibus. 

 
-- David Hilbert, 1900 



Hilbert’s Program 

- Formalization:  All mathematics should be written in  

  a precise formal language (a formal system), and  

  manipulated according to well-defined rules 
 

- Completeness: Proof that all true theorems can be  

  proved in the formal system 
 

- Consistency: Proof that no contradictions can be  

  proved in the formal system 
 

- Decidability: There should be an algorithm for  

  determining the truth or falsity of any theorem in the  

  formal system in a finite number of steps 
 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

   

Definitions 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

                            -------------------------------------------- 

 

- Is    a theorem of this system? 

   

Definitions 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

                            -------------------------------------------- 

 

- Is    a theorem of this system? 

  …                             (Axiom) 

   

Definitions 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

                            -------------------------------------------- 

 

- Is    a theorem of this system? 

  …                             (Axiom) 

  …                          (Rule II) 

   

Definitions 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

                            -------------------------------------------- 

 

- Is    a theorem of this system? 

  …                             (Axiom) 

  …                          (Rule II) 

  …                  (Rule II) 

   

Definitions 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

                            -------------------------------------------- 

 

- Is    a theorem of this system? 

  …                             (Axiom) 

  …                          (Rule II) 

  …                  (Rule II) 

  …                        (Rule III), Q.E.D. 

Definitions 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

                            -------------------------------------------- 

 

- Is  x  a theorem of this system? 

   

Definitions 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

                            -------------------------------------------- 

 

- Is  x  a theorem of this system? 

   … We can’t derive “x” by using the rules 

Definitions 



A Simple Formal System 
- Symbols: , ,  

 

- Variables: x  
 

- Axiom:   
 

- Transformation Rules: 

   … (I)    x  x 

   … (II)   x  xx 

   … (III)     

   … (IV)    
 

                            -------------------------------------------- 

 

- Is  x  a theorem of this system? 

   … We can’t derive “x” by using the rules 

   … But looking at the rules and thinking about 

        how they work it’s clear that all strings of 

        symbols must always begin with a   

Definitions 



Formal Systems and  

 Mathematical Truth 

- Formal systems in themselves have no intrinsic  

  meaning 
 

- If a formal system is given an interpretation,  

  semantic content is given to its symbols, variables,  

  axioms and rules 
 

- Then all the formal system’s theorems can be  

  interpreted as true statements about the semantic  

  content 

  … Assuming the formal system is complete and  

      consistent!  



Formal System 

(Syntactics) 
- Well-Formed 

  Formulas 

- Symbols 

- Variables 

- Axioms 

- Transformation 

  Rules 

        ↓ 

- Theorems  

Formal Systems and  

 Mathematical Truth 



Formal System 

(Syntactics) 
- Well-Formed 

  Formulas 

- Symbols 

- Variables 

- Axioms 

- Transformation 

  Rules 

        ↓ 

- Theorems  

Mathematical  

World (Semantics) 
- Sets 

- Logic 

- Numbers 

- etc. 

       ↓ 

- Mathematical truths 

Formal Systems and  

 Mathematical Truth 



Interpretation 

Formal System 

(Syntactics) 
- Well-Formed 

  Formulas 

- Symbols 

- Variables 

- Axioms 

- Transformation 

  Rules 

        ↓ 

- Theorems  

Mathematical  

World (Semantics) 
- Sets 

- Logic 

- Numbers 

- etc. 

       ↓ 

- Mathematical truths 

Formal Systems and  

 Mathematical Truth 

- The interpretation serves as a kind of dictionary to map the 

  concepts from the semantic domain to the syntactic elements 

  of the formal system 



Completeness, Formal Systems  

        and Mathematical Truth  
- Gödel's 1929 Ph.D. dissertation proved that the formal system  

  for first-order logic (the predicate calculus) is complete 

,  

Interpretation 

   (“Model”) 

Formal System 

(Predicate  

Calculus)  
- Well-Formed  

  Formulas 

- Symbols (&, , ,  

  ~, etc.)  

- Variables (p, q, etc.) 

- Axioms 

- Transformation Rules 

              ↓ 

- Theorems  

Mathematical  

World (Logic) 
- Statements that can 

   be either true or  

   false 

- Operations of logic 

   (AND, OR, IF/THEN, 

   NOT, etc.) 

- Axioms of logic 

- Rules of logic 

                 ↓ 

- Truths of logic 

- All truths of logic = 

  theorems   



  Consistency, Formal Systems  

        and Mathematical Truth  

,  

Interpretation 

   (“Model”) 

Formal System 

(Predicate  

Calculus)  
- Well-Formed  

  Formulas 

- Symbols (&, , ,  

  ~, etc.)  

- Variables (p, q, etc.) 

- Axioms 

- Transformation Rules 

              ↓ 

- Theorems  

Mathematical  

World (Logic) 
- Statements that can 

   be either true or  

   false 

- Operations of logic 

   (AND, OR, IF/THEN, 

   NOT, etc.) 

- Axioms of logic 

- Rules of logic 

                 ↓ 

- Truths of logic 

- All truths of logic = 

  theorems 

- All theorems = 

  truths of logic?  



… From the consistency of a system we cannot 

conclude without further ado that a model can 

be constructed … [to think that] the existence of 

… notions introduced through … axiom[s] [is 

guaranteed] outright by their consistency manifestly 

presupposes … that every mathematical problem is 

solvable … 

 
-- Kurt Gödel, unpublished introduction to Ph.D. thesis, 1929 



Bertrand Russell 

    (1872-1970) 

Alfred North Whitehead 

         (1861-1947) 

Russell and Whitehead 



       Russell and Whitehead’s 

Principia Mathematica (1910-1913) 

- Attempt to derive all mathematical  

  truths from a formal system including 

  axioms of set theory and arithmetic and 

  inference rules of symbolic logic 
 

- System includes: 

   … Variables (p, q, etc.) 

   … Operations (~, , &, , =, S) 

   … Punctuation ( “(“, “)”, “:”, “’”, “{“, “}”) 

   … Quantifiers (", $) 

   … Truth and Falsity 
 

- 200 pages to derive that 1 + 1 = 2  



       Russell and Whitehead’s 

Principia Mathematica (1910-1913) 

- Example:  The Law of Excluded Middle – “For all statements 

  p, either p is true, or the negation of p is true (p is false)” 
 

                                  "p:(p  ~p) 
 

  Proof:   
   

       "p:"q:(p  q) = (~p  q)     (Definition of Implication) 

                       q = p                     (Specification) 

        "p:(p  p) = (~p  p)          (Substitution) 

         "p:(~p  p)  (p  ~p)       (Axiom of Commutativity) 

                   "p:(p  ~p)               (Rule of Detachment), Q.E.D.       



In summer 1930 I began to study the 

consistency problem of classical analysis... I 

reached the conclusion that in any reasonable 

formal system in which provability in it can be 

expressed as a property of certain sentences, 

there must be propositions which are 

undecidable in it. 

 
-- Kurt Gödel, quoted in Hao Wang, A Logical Journey: 

from Gödel to Philosophy, MIT Press, 1996.  



Death of Rudolf Gödel – 2 February 1929  

- Prostatic abscess 



Josefstadterstrasse, Vienna 



Max Reinhardt’s Theater in der 

                  Josefstadt 



Plaque on Wall of  

Josefstadterstrasse 43, 

Vienna 

 

“In this house lived from  

1930 – 1937 the great 

mathematician and logician 

Kurt Gödel (1906-1978) 
 

Here he discovered his  

famous incompleteness 

theorem the most important 

mathematical discovery 

of the twentieth century” 



           Gödel's Habilitationsschrift: 

“On Formally Undecidable Propositions 

  of Principia Mathematica and Related 

                          Systems I” 



The development of mathematics in the direction of greater 

precision has … led to the formalization of extensive 

mathematical domains, so that proofs can be carried out 

according to a few mechanical rules. The most comprehensive 

formal systems yet set up are … the system of Principia 

Mathematica and … the axiom system for set theory of 

Zermelo-Fraenkel. These two systems are so extensive that all 

methods of proof used in mathematics today have been 

formalized in them, i.e. reduced to a few axioms and rules of 

inference. It may therefore be surmised that these axioms and 

rules of inference are also sufficient to decide all mathematical 

questions which can in any way at all be expressed formally in 

the given systems.  It is shown below that this is not the case … 
 

Kurt Gödel, “On Formally Undecidable Propositions of Principia 

Mathematica and Related Systems I”, 1931  



Gödel's Incompleteness Theorems 

- Either the formal system of Principia Mathematica is  

   inconsistent (some untruths or contradictions are theorems)  

   or incomplete (some truths are not theorems) 
 

- Why? (Gödel's First Incompleteness Theorem) 

   … Gödel created the following statement G in Principia  

       Mathematica’s system:   

                 G = “This theorem can not be proved” 

   … If G is a theorem, then the system is inconsistent 

   … If G is not a theorem, then the system is incomplete  
 

- The same paradox arises in any formal system in which 

   natural numbers can be added, multiplied and compared 

   … No such system can prove its own consistency 

        (Gödel's Second Incompleteness Theorem) 



Café Reichsrat, Vienna – August 26, 1930 

- Gödel first told Carnap, Herbert Feigl and Friedrich Waismann 

   about his theorem in a discussion over coffee in this cafe   



2nd Conference on the Epistemology 

 of the Exact Sciences, Konigsberg,  

                September 1930 

Konigsberg Castle 



One can even give examples of propositions (and 

in fact of those of the type of Goldbach or Fermat) 

that, while contentually true, are unprovable in the 

formal system of classical mathematics. 

 
-- Kurt Gödel, remarks during roundtable discussion at 2nd  

   Conference on Epistemology of the Exact Sciences, 

   Konigsberg, 9/6/30 



The true reason why [no one] has succeeded in 

finding an unsolvable problem is, in my opinion, 

that there is no unsolvable problem.  In contrast 

to the foolish Ignoramibus, our credo avers: 
 

  Wir mussen wissen -- 

  Wir werden wissen.   

  [We must know -- 

  We shall know.] 

 
-- David Hilbert, “Naturkennen und Logik” (Logic and the 

    Understanding of Nature), opening radio address at 

    conference of Society of German Scientists and Physicians, 

    Konigsberg, 9/7/30   [emphasis original] 





   John von Neumann 
 

- Child prodigy who became one of  

  the greatest mathematicians 

  of the 20th century 
 

- Made key contributions to many 

  fields, including set theory, quantum 

  physics, game theory, computer  

  science, and the development of  

  the atomic bomb 
 

- Attempted to prove consistency and 

  completeness of ZF set theory;  

  stopped and never worked on 

  set theory again after hearing Gödel's Konigsberg remarks and 

  independently discovering Second Incompleteness Theorem  

John von Neumann (1903-1957) 



I consider the state of the foundational discussion in 

Königsberg to be outdated, for Gödel's fundamental 

discoveries have brought the question to a completely 

different level. 

 
-- Letter from John Von Neumann to Rudolf Carnap, June 1931 



Institute for Advanced Study 

- Founded 1930 by Abraham Flexner and the Bamberger  

  and Fuld families in Princeton, NJ 

- Einstein and von Neumann already on faculty 1932 

- Fall 1932: Godel invited as visiting scholar for 1933-34 

- Returned in 1935 (cut short by Gödel), 1937 

Fine Hall, Princeton U. Campus 

(original location of Institute)  
Fuld Hall, Institute Campus 



Credit-Anstalt, Vienna, late 1920’s Vienna newspaper headlines re 

Credit-Anstalt crisis, 1931  

Austrian Economics, 1931 



Chancellor Engelbert Dollfuss 

Austrian Politics, 1933 

Education Minister (later 

Chancellor) Kurt Schuschnigg 



Purkersdorf Sanatorium 

- Founded outside Vienna by Richard von Krafft-Ebbing 

- Gödel became a patient in October 1933 

- Diagnosis by Nobel Prize winner Dr. Julius Wagner-Jauregg: 

    “Nervous breakdown” due to overwork      



Is his [Gödel's] illness a consequence of  

proving the unprovability … or is his illness 

necessary for such an occupation? 

 

-- Philip Furtwangler  





Examples of Sets 

A B 

Two overlapping Sets {A}, {B} 

x  {A}   

 y  {B}   

x 

y 
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Examples of Sets 

A B 

over A B 

The Union of {A} and {B} 

             {A  B} 

Two overlapping Sets {A}, {B} 

x  {A}   

 y  {B}   

(z  {A}) & (z  {B}) 
x 
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Examples of Sets 

A B 

over A B 

The Union of {A} and {B} 

             {A  B} 

A B 

The Intersection of {A} and {B} 

                {A  B} 

Two overlapping Sets {A}, {B} 

x  {A}   

 y  {B}   

(z  {A}) & (z  {B}) 
x 

y 
z 

"p: (p  {A})  (p  {B}) "p: (p  {A}) & (p  {B}) 



How Numbers Are Made From Sets 

- Start with the empty set:  0 

  

- 0 = 0 
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How Numbers Are Made From Sets 

- Start with the empty set:  0 

  

- 0 = 0 

 

- {0} = 1 (successor operation) 

 

- { {0}, {0} } = 2 = add successor to 1 
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How Numbers Are Made From Sets 

- Start with the empty set:  0 

  

- 0 = 0 

 

- {0} = 1 (successor operation) 

 

- { {0}, {0} } = 2 = add successor to 1 

 

- { {{0},{0}}, {0} } = 3 = add successor to 2 

/ 

/ 

/ 

/ / 

/ / / 



The Continuum Hypothesis 

- Cantor used the Hebrew letter  to symbolize 

   the cardinality, or size, of infinite sets 

   … 0 = the size of the set of natural numbers    
 

- Cantor showed that the power set of each 

  level of infinity is a new, bigger level of infinity 

  … n+1 = 2n 

 
 

- He tried, but failed, to prove that C, the size of  

  the set of real numbers, was equal to 1, the  

  power set of 0 (Cantor’s continuum hypothesis) 



It should be noted that mathematical intuition need  

not be conceived of as a faculty giving immediate  

knowledge of the objects concerned.  Rather it  

seems that, as in the case of physical experience,  

we form our ideas also of those objects on the basis  

of something else which is immediately given.   

Only this something else here is not, or not primarily,  

the sensations … 
 

-- Kurt Gödel (emphasis original) 



Godel’s Habilitationsschrift 



Adele and Kurt Gödel 

at Home in Princeton 

- Adele called Gödel her “strammer bursche” (strapping lad) 



Interpretation 

Formal System 

(Syntactics) 
- Symbols 

- Variables 

- Axioms 

- Transformation 

     Rules 

              ↓ 

- Theorems  

Content 

(Semantics) 
- Mathematics 

- Economics 

- Philosophy 

- Physics 

            ↓ 

- Truths about the 

     content domain(s) 

Formal Systems and  

 Mathematical Truth 



"$& 

 


